In this paper, a nonlocal viscoelastic foundation model is proposed and used to analyse the dynamics of beams with different boundary conditions using the finite element method. Unlike local foundation models the reaction of the nonlocal model is obtained as weighted average of state variables over a spatial domain via convolution integrals with spatial kernel functions that depend on a distance measure. In the finite element analysis, the interpolating shape functions of the element displacement field are identical to those of standard two-node beam elements. However, for nonlocal elasticity or damping, nodes remote from the element do have an effect on the energy expressions, and hence the damping and stiffness matrices. The expressions of these direct and cross stiffness and damping matrices may be obtained explicitly for some common spatial kernel functions. Alternatively numerical integration may be applied to obtain solutions. Numerical results for eigenvalues and associated eigenmodes of Euler-Bernoulli beams are presented and compared (where possible) with results in literature using exact solutions, Galerkin approximations or the transfer matrix approach. The examples demonstrate that the finite element technique is efficient for the dynamic analysis of beams with nonlocal viscoelastic foundations.
I. Introduction
Beam and beam-like structures resting on elastic or viscoelastic foundations have wide application in modern engineering practices, such as, railway tracks, highway pavements, and continuously supported pipelines. As a result, numerous studies have been performed to investigate the static deflection, the dynamic response, and the dynamic stability of beams on elastic or viscoelastic foundations. However, in most of these studies, the foundation was idealized as a one-parameter Winkler model, where the system is modelled as infinitely close linear springs and the foundation pressure at any point is proportional to the deflection at that point. Several more complicated models have been reported in the literature, such as the two-parameter Pasternak model, the three-parameter Kerr model, the Vlasov model, or fractional derivative viscoelastic models.
Yankelevsky and Eisenberge 1 used the analytical expressions for the deflection of a finite beam with unit end loads as interpolating shape functions for a finite element to analyze the static deflection of a beam column on an elastic foundation. Thambiratnam and Zhuge 2 also used the finite element method to investigate the free vibration of variable thickness thin beams supported on elastic foundations. Sun 3 presented the closed-form solution for an Euler-Bernoulli beam on a viscoelastic foundation excited by harmonic line loads using a Green's Function approach. Kim 4 applied the Fourier transform to obtain the solution for the vibration and stability of axial loaded beams on elastic foundations with moving harmonic loads. Other authors analysed the static and dynamic respone of other structural components (rods, plates, shells). [5] [6] [7] [8] In most of these studies, the foundation is idealized as a Winkler (one-parameter) model. In the Winkler model, the foundation is modelled as a system composed of infinitely close linear springs, and assumes that the foundation pressure at any point is proportional to the deflection at that point. The Winkler model does not accurately represent the characteristics of many practical foundations. One of the most important shortcomings of this model is that it assumes no interactions between the springs or discontinuities in the foundation. To overcome these problems, several more complicated models have been suggested in the literature, such as the Pasternak (two-parameter), Kerr 18 investigated the stability and dynamic response of elastic beams on viscoelastic foundations modelled using fractional derivatives.
All of the papers described above are formulated in terms of local field theory, where the foundation reactions are directly proportional to the state variables (displacement, rotation, curvature) of the beam deflection. For the Winkler-type one-parameter model, the relationship between the foundation reaction Q W (x, t) and the deflection on the foundation surface w(x, t) is
where k 1 (x) is the stiffness coefficient of the elastic foundation model, and x and t are spatial and time variables, respectively. For the Pasternak-type two-parameter model, the foundation reaction Q P (x, t) is
where k 1 (x) and G 1 (x) are the stiffness coefficients of the spring and shear layers of the Pasternak foundation model, respectively. For the Kerr-type three-parameter model, the foundation reaction Q K (x, t) is given by
where k 1 (x), k 2 (x) and G 1 (x) are the stiffness coefficients of the two spring layers and the middle shear layer for the Kerr foundation model, respectively. However, Flugge 20 pointed out that
The reaction q(x 1 ) at any point x 1 , of course, not only upon the local value w(x 1 ) of the deflection, but also upon that of neighbour points x 2 , their influence decreasing as the distance
Obviously, the Winkler foundation model described by Eq. (1) is a local reaction model and the influence of deflections close to the point of interest have not been considered. Equations (2) and (3) give relatively accurate models for soil foundations compared to the Winkler foundation model. In these models the influence of the deflection at neighbouring points are considered implicitly through the second order derivatives of the deflection with respect to the spatial variable. However these two models are still local models because they do not consider attenuation effects with increasing spatial distance. Hence the motivation to study nonlocal models for elasticity and damping. 
II. The Nonlocal Foundation Model
In what follows, the elastic Winkler foundation model is generalized to a nonlocal Kelvin viscoelastic foundation model using the nonlocal field theory. [21] [22] [23] Nonlocal elasticity theory has be investigated, however few authors have addressed nonlocal viscoelastic media. 24, 25 In one-dimension nonlocal elasticity, the foundation reaction is given as
where w is the bending deflection of the beam, K (x, ξ) is the elastic spatial kernel, C (x, ξ, t) is the damping kernel, and the spatial integrations are over the length of the foundation, whose extent is denoted by x 1 and x 2 in figure 1. The equation of motion for a non-uniform Euler-Bernoulli beam on a nonlocal viscoelastic foundation between x 1 and x 2 is then
where f (x, t) is excitation force, EI(x) and ρA(x) are the bending stiffness and mass per unit length of the beam and H(·) is the Heaviside step function. The beam is initially assumed to be at rest and standard boundary conditions are applied at the two ends. Equation (5) is an integro-differential equation, and obtaining closed form solutions is difficult. Adhikari et al. 26 presented a closed-form solution for beams with nonlocal damping by the transfer function method. Lei et al. 27 presented approximate solutions using a Galerkin method for uniform beams with typical kernel functions. To treat more complicated problems with variable foundation stiffness, non-uniform section properties or with intermediate supports, a finite element method is developed.
A. Typical Kernel Functions
In this paper we assume that the damping kernel function C(x, ξ, t) is separable in space and time. Thus the kernel function takes the form
Physically this model represents nonlocal viscoelastic damping, for example, in a beam with viscoelastic material or an actively controlled piezoelectric patch. Viscous damping has the form g(t − τ ) = δ(t − τ ), and local damping c(
is the relaxation kernel function of the non-viscous element and is often taken as
where g ∞i and τ i are positive constants representing the damping coefficients and relaxation times, respectively. The Laplace Transform of the relaxation kernel is then If τ i → 0, ∀i, then one obtains the standard viscous damping model. Alternatively fractional derivative or GHM models could be used.
28-32
The spatial kernel function, c (x − ξ) in Eq. (6) is normalised to satisfy the condition,
Common choices for this kernel function are the exponential decay
or the error function
Other models are also possible. 27 If α → ∞ then one obtains the standard local model. The elastic spatial kernel function K(x, ξ, t) will be similar, expect that the time dependence is assumed to be negligible. Thus
where k(x − ξ) has the same form as c(x − ξ).
III. The Finite Element Model
Generally the approach adopted when developing models using finite element analysis is to approximate the deformation within an element using nodal values of displacement and rotation. The kinetic and strain energy for each element is then computed and the contributions of each element added together to obtain a global model of the structure. The damping matrix is obtained is a similar way using the dissipation function. One key aspect of finite element analysis is that the energy contributions from each element only depends on the displacements and rotations at the nodes associated with that element. Clearly for nonlocal elasticity this will not be the case, although the form of the exponential kernel function given by Eq. (10) does lead to considerable simplification. This paper only considers a nonlocal foundation, and the development of the mass and stiffness matrices for the beam follows the standard procedure, which will be outlined briefly to establish notation.
A. Shape Function Definition and Beam Elements
A standard beam element is modelled using two nodes (at the ends of the beam element), and two degrees of freedom per node (translation and rotation), as shown in figure 2 . The deformation within the eth element, w e (z, t), is approximated using cubic shape shape functions, for z ∈ [0, ℓ e ], as w e (z, t) = N e (z)q e (t), where 13) and
The kinetic energy, for a beam of length L with M elements, is then approximated as
where the eth node, corresponding to node 1 of the eth element, is located at x e , and the element mass matrix is
B. Nonlocal Stiffness and Damping
For nonlocal stiffness the global stiffness matrix is obtained in a similar way using the strain energy. Assume that the foundation covers the whole length of the beam; the case of a partial foundation is an easy extension.
Only the contribution from the foundation will be considered here, and this is given by
where
andx andξ are local co-ordinates, for example x = x j +x. For nonlocal damping the global damping matrix is obtained in a similar way using the energy dissipation function. The dissipation function is
In general the degrees of freedom at all nodes will be coupled within a region where the structure has nonlocal damping behaviour. This means the global damping matrix will be full, and each term must be determined independently. The problems simplifies significantly if the beams are modelled using beam elements of equal length, so that N i = N, ℓ i = ℓ, ∀i. Because the kernel function only involves x j − x i the matrices C ij are equal for a fixed j − i. Thus if the foundation covers M elements, only M of the element matrices C ij or K ij have to be calculated. Figure 3 illustrates this for a foundation modelled with three elements, which are defined using four nodes (or eight degrees of freedom). Each 4 × 4 block matrix in the 8 × 8 global matrix is denoted by a shaded square and for each term these block matrices are identical. This idea is developed further for the exponential kernel below, where further simplification is possible. 
C. The Expontential Kernel
The exponential kernel function given in Eq. (10) leads to a significant simplification in the stiffness and damping matrices, and only requires the calculation of two element matrices. When i = j, the direct stiffness matrix is
If j > i
where the cross stiffness matrix is
Similarly if j < i,
Thus only two element damping matrices need to be computed and then the complete global damping matrix is easily derived. These matrices may be obtained explicitly by integrating Eqs. (21) or (23) . Alternatively they may be derived by numerical integration.
As an example to demonstrate how the stiffness matrix is assembled, suppose that a uniform beam is modelled, where three elements have a nonlocal foundation. Then the stiffness matrix will be zero apart from the eight degrees of freedom associated with the foundation. Figure 4 illustrates the assembly and shows the non-zero terms. The global damping matrix for the nonlocal foundation may be assembled in a similar way. 
D. The Eigenvalue Problem
Taking the Laplace transform gives the equations of motion in the form
where M, K, and C are the global mass, stiffness and damping matrices with respect to the generalised co-ordinates of the beam model. Remember that the stiffness matrix has a contribution from the foundation as well as the beam itself. In Eq. (25) the time response of the viscoelastic foundation has been assumed to arise from a single material, leading to a single G(s) term. If different materials are present a damping term will appear for each different relaxation kernel, G(s). Also in Eq. (25), all of the damping is assumed to arise in the foundation; internal damping within the beam is easily incorporated by introducing extra terms. The eigenvalues are obtained by solving
The corresponding mode shape functions are obtained by substituting the eigenvalues into Eq. (25) and computing the null space of the matrix. Alternatively, for kernel functions where G(s) is a rational polynomial, the internal variable approach (for example the GHM method [30] [31] [32] ) may be used to produce a linear eigenvalue problem, where the size of the matrices is larger than those in Eq. (26) .
IV. Examples
A number of examples are given to demonstrate the approach. Where possible the finite element solutions are compared to other analyical or approximate methods. Adhikari et al. 26 described the transfer function method and Lei et al. 27 described the Galerkin method.
A. A Full Elastic Foundation
A simply supported uniform beam of length L = 6.096 m rests on a uniform nonlocal elastic foundation is considered, as shown in figure 1 with x 1 = 0 and x 2 = L (that is the foundation supports the whole beam). This example was also analyzed by Lai et al. 33 and Thambiratnam and Zhuge. 34 given by Figure 5 shows the effect of varying α on these natural frequencies for the finite element model with 10 elements. Table 1 . Natural frequencies (Hz) of vibration of a simple beam on a nonlocal elastic foundation with an exponential kernel. α = 2 α = 5 α = 10 α = 50 α = ∞ N e = 6 N e = 8 N e = 10 N e = 10 N e = 10 N e = 10 N e = 10 Analytical ω 1 Suppose now that the kernel consists of the error function, Eq. (11). Table 2 shows the first four natural frequencies for the finite element method with 10 elements. Interestingly the amplitude of α required for the error function kernel to approximate the Dirac delta function (local elasticity) is much higher than that required for the exponential kernel. This is because of the shape of the kernels close to the centre point, as shown in figure 6 . Table 3 shows the effect of a viscously damped foundation with an exponential kernel for various values of α (K 0 = 0, C 0 = 1 kNsm −2 ). The beam is modelled with 10 finite elements. 
B. A Partial Viscoelastic Foundation
A pinned-pinned beam will be used as an example to demonstrate the use of the finite element methods for a partial nonlocal viscoelastic foundation (that is the foundation stiffness is zero, K 0 = 0). The results will also be compared to those from the Galerkin method. The ith mode of the undamped beam is φ i (x) = A i sin(iπx/L) where A i is calculated to give mass normalised mode shapes. These undamped mode shapes will be used as the admissible functions in the Galerkin approach. The dimensions are (see figure 1 ) L = 200mm, x 1 = 50mm, and x 2 = 150mm. The Young's modulus is E = 70GN/m 2 , the density is ρ = 2700kg/m 3 , and the cross-section is 5 × 5mm. Table 4 Table 5 shows the first 3 eigenvalue pairs for the pinned-pinned beam example with a variety of nonviscous and nonlocal damping, that is as µ and α vary, for the finite element method with 8 elements.
Suppose now that the beam is clamped at one end and free at the other. All other dimensions are identical to the pinned-pinned beam example. Table 6 shows the first 3 eigenvalue pairs for this cantilever beam example with a variety of non-viscous and nonlocal damping, that is as µ and α vary, for the finite element method with 8 elements. Clearly both the nonlocal and non-viscous properties of the beam have a significant effect on the damping within the structure. 
V. Conclusion
In this paper, a new method of analysing beams with a nonlocal foundation was proposed based on the finite element method. The nonlocal foundation model is a generalisation of the Kevin-Voigt viscoelastic foundation model, where the foundation reaction at a given point depends on the time history and the velocities within a spatial domain. The finite element models for an exponential foundation, for either the stiffness or damping matrices, requires only two matrices, one for the cross element terms and one for the direct terms. The cross matrix to model nonlocal effects is a novel concept introduced in this paper, and these matrices are zero for local damping and elasticity models. Numerical solutions have been obtained for beams with a variety of boundary conditions and foundations. It has been demonstrated that the form of the nonlocal foundation model has a significant impact on the dynamic characteristics of structures. 
